NASA TECHNICAL . & . NASA TR R-141. ¢« =

REPORT @ ‘ L.
j ' f;&\N‘I'_16005k

éé;} Ceae-/

YA

NASA TR R-14]

ON THE HEATING OF THE
POLAR UPPER ATMOSPHERE

by Kaichi Maeda ?/’—\

Goddard Space Flight Center
Greenbelt, Maryland

i w &
N RSA

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION ¢ WASHINGTBN, B—C DECEMBER 1962 o/




ON THE HEATING OF THE
POLAR UPPER ATMOSPHERE
By Kaichi Maeda

Goddard Space Flight Center
Greenbelt, Maryland

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

For sale by the Office of Technical Services, Department of Commerce,
Washington, D,C, 20230 -- Price $1.75



ON THE HEATING OF THE POLAR
UPPER ATMOSPHERE

by
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/ (;, 0 U{ SUMMARY

On the basis of the atmospheric composition given by F. S.
Johnson in 1960, the contribution of auroral particles to the dis-
sociation of oxygen molecules in the polar upper atmosphere is
investigated. The maximum rate coefficients are 4 x 10-3
(cm?® sec) ! and 2 x 10-% (cm? sec) ! for protons of energy spec-
trum E-?-8 dE and for electrons of energy spectrum E-* dE, re-
spectively. The height of maximum dissociation is around 90 km
both for protons and electrons. The heating of the polar meso-
sphere by exothermic association of the oxygen atoms, intensified
by the subsidence of the upper polar atmosphere during the polar
night, is calculated and found to be close to the estimate given by
W. W. Kellogg in 1961. The investigation indicates, however, that
Kellogg's estimate should be reduced slightly to allow for the
cooling effect produced by far infrared emission from atomic
oxygen in the upper atmosphere. )q U7 H o 2
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ON THE HEATING OF THE POLAR UPPER ATMOSPHERE"

by

Kaichi Maeda
Goddavd Space Flight Center

INTRODUCTION

Since air is transparent to the predominant part of the insolation, the atmosphere
above the stratosphere is usually considered to be heated directly by the absorption of
solar ultraviolet rays by atmospheric oxygen and ozone (Reference 1) whereas the lower
atmosphere is warmed mainly from below by the infrared radiation of the earth and by
the convection of air. As early as 1951, Bates showed that the earth's upper atmosphere
is cooled continuously by far infrared radiation from neutral oxygen atoms. Therefore,
it would be natural to assume that in the absence of solar heating the polar upper atmos-
phere might be cooled in the winter night. Contrary to this assumption, recent mete-
orological observations have revealed that the polar atmosphere above 60 km is warmer
in winter than in summer, although the stratosphere and troposphere are cold (as was
expected) except during occasional so-called explosive warming periods (References 2
through 5; also see Figure 13). The presence of a warm mesosphere in the polar night
is also confirmed by the synoptic analysis of prevailing easterlies around the 80 km
level at high latitudes during the winter (Reference 6).

Moreover, according to direct measurements of upper air density by rocket sound-
ings, the atmospheric temperature in the arctic region near the 200 km level is found to
be almost twice that of the temperate latitudes (References 7 and 8), even though the
direct comparisons made thus far refer only to the case of summer daytime. ** Further
evidence for the existence of warm polar upper air is indicated by the study of irregular
variations in satellite drag, which are more prominent for satellite orbits passing the
polar region (such as Sputnik ITI, 1959 ) than for those whose planes are close to the
equatorial plane (Vanguard I, 1958 8). Although this difference has not been confirmed

*This work was sponsored in part by the National Science Foundation, w’

**According to Paetzold (Reference 9) and Karplus et al. (Reference 10), the large value of the ratio of polar air density
to that of temperate latitude shown by Horowitz and LaGow (Reference 11) is ascribed to the difference of solar ac-
tivity corresponding to the period when the measurements were performed.
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by recent analysis (Reference 9), the increase of drag is doubtless highly related to solar
activity, i.e., the coronal index, the 20 cm solar noise flux (References 12 and 13).

In consideration of these facts, the heating of the polar upper atmosphere by corpus-
cular radiation was estimated by Krassovsky (Reference 14) and Jastrow (Reference 7).
The direct heating of the upper atmosphere by solar corpuscles is also discussed in de-
tail by Ishikawa (Reference 15), although an actual estimate was made only for protons.

Clearly, charged particles impinging on the upper atmosphere lose their energy by
ionizing and exciting air-gas constituents along the path of penetration. Part of this
energy transferred to the atmosphere will be re-radiated toward outer space; the other
part will be converted into thermal energy of the upper atmosphere. Owing to geomag-
netic deflections, most charged particles cannot enter the low latitude regions; there-
fore, corpuscular heating is actually effective only at extremely high altitudes around the
auroral zones,

The enormous number of particles trapped by the earth's magnetic field can also be
regarded as a large reservoir of corpuscular energy at the top of the atmosphere. In
other words, the flux of charged corpuscles scattered in small pitch angles along the
geomagnetic lines of force is an additional source of corpuscular heat, corresponding to
the leakage of trapped particles (Reference 16).

Another important phenomenon in the polar upper atmosphere, called the "abrupt
warming of the stratosphere during the polar night,”” has been found recently (Refer-
ences 4 and 17). This is, however, essentially the same as the so-called ""Berlin Phe-
nomenon' discovered by Scherhag in 1952."

It has been pointed out that these abrupt warmings are connected with the breakdown
of the stable polar vortex developed in the shadow of the polar night (References 4 and
19). Also, the time of this breakdown is closely related to solar activity and to geomag-
netic activity (Reference 20).

The fact that these sharp increases of stratospheric temperature are observed within
the dark shadow of the polar night, and are known to have occurred within a day or so
after the maximum of a given solar event (References 4 and 19), leads to speculation that
such irregular abrupt warmings are caused indirectly by solar corpuscles. ** Since the
corpuscular heating is effective only above the mesosphere and in the vicinity of the au-
roral zones, the possible mechanism of energy transfer from the upper part of the auro-
ral zone to the deep polar stratosphere, as well as to the stable warm mesosphere in the

*The variations of aerological situations in these phenomena were investigated in detail recently by Scherhag (Reference
18), with regard to the events which occurred in the winter of 1958. The author wishes to express his appreciation to
him for data and notes on these events and a similar event which occurred at the end of 1960.

**This irregular warming of polar atmosphere should be distinguished from that corresponding to the usual breakdown of
the cold polar vortex, which, incited by sunlight, occurs after the equinox.
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polar night, needs to be clarified. An understanding of this mechanism might also provide
some valuable clues for seasonal weather forecasting.

An important role of oxygen in the upper atmosphere has been noted by Kellogg (Ref-
erence 6). Although he ruled out the divect heating of the polar upper atmosphere by au-
roral particles, the contribution of these particles to the dissociation of oxygen molecules,
and the subsequent heating of the atmosphere by their re-association, cannot be ignored.
That is, oxygen molecules in the upper atmosphere may be dissociated into atoms through
bombardment by auroral particies; and the dissociated oxygen, following the general cir-
culation of the earth's atmosphere, subsides towards the polar region. With the increased
pressure resulting from subsidence, the collision frequency increases rapidly and some
atomic pairs again form molecules and release the excess molecular binding energy. This
released energy must be dissipated into the atmosphere as thermal energy. In these
processes of upper air heating, the role of oxygen is therefore that of a catalyst in chem-
ical reactions, and the mechanism of energy release is quite analogous, as was pointed

Since the rate of energy release by the association of atomic oxygen is approximately
proportional to the cube of the air pressure, a very steep increase of temperature in the
stratosphere can be expected from this subsidence of atomic oxygen. One of the main
purposes of this paper is to indicate the effect auroral particles have on the polar upper
atmosphere in the production of atomic oxygen.® Solar ultraviolet radiation, which is
regarded as a major source of oxygen dissociation in the middle and lower latitudes, may
no longer predominate in the polar mesosphere in winter; and the continuous supply of
oxygen atoms caused by the effects of auroral particles can be an important source of
heating of the polar upper air.

FLUX OF SPIRALING PARTICLES IN THE
POLAR ATMOSPHERE

Since the flux of cosmic rays which penetrate the atmosphere to the ground is negli-
gible as compared with that of so-called auroral particles in the polar regions, we shall
consider only the contribution of auroral particles, which may be regarded as consisting
.of non-relativistic protons and electrons.

The magnetic field in the polar regions may be regarded as uniform and vertical to
the earth's surface. In these regions charged particles impinging into the atmosphere
follow a spiral orbit along the magnetic line of force. The direct evidence of spiral

*The symbols used in this discussion are presented in Appendix A.
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motion of auroral protons is shown by Meinel (Reference 21), who obtained the two types
of Doppler shift of the hydrogen alpha line—one corresponding to the parallel component
of impinging velocity of protons along the line of force (asymmetric broadening), and the
other corresponding to the normal component to the line of force (symmetric broadening).
Since the rates of energy loss of these particles are the same in all directions, the pitch
angle, a, of a particle is constant throughout its range (Reference 22). More specifically,
incident particles maintain spiral motions with constant pitch angles, while the radius of
gyration decreases correspondingly with the energy loss experienced by the particle at
increasing atmospheric depths.

Regarding the constancy of pitch angle of the spiraling particles through the atmos-
phere, Singer (Reference 23) suggested estimating the intensity of the non-relativistic
particles in the upper atmosphere by using Liouville's theorem. However, the applica-
tion of Liouville's theorem can be extended only to the particles of constant ionization
loss, and not to the particles whose rates of energy loss change with their energy (see
Appendix B).

The intensity of spiraling low energy particles, whose rates of energy loss increase
rapidly with the decrease of their energies, can be estimated by means of the so-called
Gross transformation (Reference 24), which must be modified as will be shown in the fol-
lowing discussion. Since scattering is dominant for low energy electrons, the same
method cannot be used for auroral electrons.

Low Energy Protons

Range-Enevgy Relation in Atr

As can be seen in Figure 1, the rate of energy loss E of protons per unit depth of
air R can be approximated, below a certain energy value E_ , by the equation

_dE _ -
- AE™", (1)

with the experimental data given by Segre (Reference 25), where A and m are given in
Table 1. There is also a lower limit of energy, E;, for Equation (1) to be valid, but the
contribution below this limit to the total range is negligible.

Several direct observations show that the energy spectrum of auroral protons can be
expressed by

i(E) dE = oE " dE, n >0, (2)

where n = 5.5 according to direct measurements by a rocket borne detector (Refer-
ence 25),
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Table 1
Energy Loss Coefficients in Air
Particle A m E, Eg
Proton* 236 0.78 300 Mev 400 kev
Electron** 0.38 0.96 100 kev 4 kev

*Based on Segre’s data (Reference 26)
**Based on Katz and Penfold’s data (Reference 27)

Since a simple relationship exists between the range of a particle at an atmospheric
depth x (in gm/cm?), and the energy of the particle at another depth x', it is convenient
to convert the energy spectrum into a range spectrum. It follows from Equation 1 that

E

R = dE’
, AE'"™®
1
E = [RA(m+ 1)]"'”

1Em+l
Am+ 1




Combining Equations 1, 2, and 3, we get Table 2
The Numerical Relation

jRYR = kR™LaR, (4) Between n and ¢
where n
[4
_p-1 (Proton) (Electron)
ko ad ™' m+)?  and ¢ = 2ET
m+ 1

1.00 1.00 1.00
The numerical relation between n and ( is 2.00 2.78 2.96
presented in Table 2. 2.53 3.73 4,00
2.68 4.00 4.29
Total Intensity of Spivaling Protons 3.00 4.56 4.99
The distribution of auroral protons be- 3.53 5.50 5.95

yond the earth's atmosphere canbe regarded
as isotropic; thus the total flux at the top of the atmosphere is

R
I, = 277f j(RYdR , (5)
Ry

where R_ is the threshold range set by the detector. By Equation 4, the above expres-
sion becomes

Rm
27k 1n ﬁ:" for =1,
I, = (6)

k1 R\ !
LI S g for £ > 1.
-1 _f-1 R,

RO

Since we can assume that R_ = @ for ¢ > 1, Equation 6 becomes
27k - (E-1)
I, = 35K :

The directional intensity of the flux at a depth x and at a pitch angle a is

R
i(x,a) = J kR {aR, )
(

R +y)

where y = x/cos a, the actual path length traversed by the protons in reaching the depth x.
The directional integral intensity, therefore, is




Rm
kln(R+y>’ for £=1,

o

i(x,a) = . (8)
k 1 R +y\t!
1 - { ——— , f £>1.
£-1 (R°+y) f-1 [ ( Rm > } or

For ¢>1 and R_ = «, the second expression of Equation 8 becomes

. . -¢
ey = iy = s Ry
Therefore the total flux I(x) at the depth x is
2
I(x) = 277J J(x,a) sin adx
0
rm dv P
= 2rx ity) = . 9
J, y?
From Equations 5, 7, and 9, we finally obtain
1) 17 FO for £=1,
I, 1-Fp (6 for £>1,
where ¢ = x/R_;
1 1
F (&) = ] [1n(1+§)+§1n<1+2ﬂ for £= 1;
1In -ii

Q

and

1 £-1 (_l)r 1 -(r-1)
Fp (&) = (£-1)&1n <1+E>-§Zr_z(z.xcr)[1‘<1+j§‘> ] for £ > 1. (10)
r=2
In Equation 10, R_ is taken as », and

(- 1)!
C = —_— .
l-1%r (E-1-1)'r!

From Figure 2, it is seen that the maximum penetration depth depends on the upper
limit of energy spectrum, while the rate of decrease of the flux in the atmosphere de-
pends on the cutoff energy of the measuring instrument. It should be noticed that the
spiraling flux becomes zero below a certain depth, which corresponds to the upper limit
of the range spectrum R, for vertical incidence. However, there is not a sharp decrease
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of total flux for the case of R = @ (Figure 3, in which a comparison is made for the cases
of £ =1 with R, = 3.6 x 10-2, and ¢ = 2 and 3 with R, = ®). It should be also noted that—
even for the same cutoff and upper limit of spectra—the rate of decrease of total intensity
with atmospheric depth becomes steeper for the steeper spectrum, i.e., for the larger

value of ¢.

In these figures, the expression I(x)/I_ is transformed into I(z)/I (where z is
the altitude of the level of atmospheric depth x) by making use of the relation between
the atmospheric depth x (gm/cm?) and the altitude z (km). The following atmospheric

model was used to derive I(z)/I:
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titude. The atmospheric model is taken from spectra of spiraling protons i (E) with an arbi-
Rocket Panel data for z < 110 km, and from trary scale

Kallmann's table for 110 < z < 400 km.

z < 110 km Rocket Panel Data (Reference 28), 110 < z < 400 km Kallmann's Table

(Reference 29), z > 400 km King-Hele (Reference 30).

The x-z curve based on this atmospheric model is shown in Figure 4.

Ommnidirectional Differential Spectva

Since the rate of energy loss of penetrating protons in the atmosphere is larger for
the protons of lower energy (below minimum ionization), the flux of low energy protons
decreases faster than that of high energy protons. Therefore, the form of the differential
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energy spectrum changes with the atmospheric depth. To illustrate this, we shall com-
pute the change of range spectrum of low energy protons penetrating the atmosphere.

The omnidirectional differential range spectrum at the top of the atmosphere is
given by

i (R)R = 27j(R)dR;

and at the depth x,

m/ 2
i (R)dR = 2wJ j(R + Co"?) sinada .
0

For the case of j(R) dR = kR‘EdR, setting cos a = p, and x/R = 7,

! -t
i (RYdR = 27kR? de <1 ¥ g) du .
0
Finally, for the particular case ¢ = 2, we obtain,
. _ |1+ 2n .
i (R) = [1+n - 2771n(1—77):| i,(R). (11) (11)

Using the energy-range relation of protons and the x-z curve, the corresponding
omnidirectional differential energy spectra, i (E), are shown for several altitudes in
Figure 5. From this the effective power of the spectrum is seen to decrease with the
atmospheric depth x (that is, with the altitude z).

Divectional Intensity

Owing to their spiral motions in the atmosphere, the intensity of obliquely penetrat-
ing protons decreases more rapidly than that of vertically incident protons. Therefore,
even if the distribution of incident protons beyond the earth’s atmosphere is assumed to
be isotropic, the zenith angle distribution of proton flux becomes steeper with increasing
atmospheric depth. For the case of f > 1, with R, = », the change of the zenith angle
distribution of slow protons can be shown as follows: Since the incident proton flux can
be assumed to be isotropic, the directional intensity of slow protons above the atmos-
phere is given from Equation 5:

(-1
o

I
](o) = ° = _k_R
27 £-1
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The directional intensity at the 1.0 200 km
atmospheric depth x isgivenbyEqua- e o
tion 7; therefore, the directional rel- 0.9 t 120km
ative intensity is

0.8
i(y) yy (-0 o \
(o) = <1 + E-> s (12) & 07y 100 km \
ol |
= \
where 2 \
= 0.5 | \
_ x >
Y % Ricosa oo 0k
-} <<
-
; 0.3
The numerical values of Equation ’ \
12 are shown in Figure 6 for the case o b
¢ =2 with R, = 3.6 x 10-3 gm/cm? \ N
(E, ~ 1.2 Mev). From this figure it 0 b k \ \
is seen that the flux of slow protons \
converges towards the vertical direc- O o 20 30 a0 30 0 0 s 9
tion (which is also the direction of the ZENITH ANGLE 0 (Degrees)
magnetic line of force) with increas-
ing atmospheric depth. Equation 12 Figure 6 - Zenith angle distributions of spiraling protons
also shows that the steeper the spec- in the protons in the atmosphere for the case f =2,

R = d R =3.6x 103 2(Ex12M
trum (i.e., the larger the value of ¢) w =% and X, ) gm/em? (E, ev)

the steeper the zenith angle distribu-

tion at a certain depth in the atmos-

phere. However, the above calculations are based on the assumption of a flat atmosphere.
If the effect of the curvature of the atmospheric layer is taken into account, the decrease
of the obliquely incident proton flux must be less steep at large zenith angle (>80°) than
that shown by Equation 12 and Figure 6.

Auroral Electrons

As has been previously mentioned, the majority of incoming particles in severe
aurorae are protons with energies less than several hundred kev, following spiral orbits
around magnetic field lines from outer space to the earth's atmosphere. Although the
incoming protons with energies around several hundred kev are indicated by the observa-
tion of Doppler-shifted Balmer lines in the auroral spectrum, it is found (Reference 25)
that the major fraction of auroral particles in weak aurorae consist of electrons with
energies below 50 kev (according to direct measurements with the aid of a rocket borne
detector). The integral energy spectrum is about 4 x 10'° E-3 /cm? -sec-sterad, where
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E is expressed in kev.* Air glows and weak aurorae are observed within the auroral
zone almost every clear night. Although the auroral zones are located slightly higher in
geomagnetic latitude (~70°) than that of the so-called "horn' of the outer Van Allen belt
(~60°), it is probable that the leakage of the geomagnetically trapped electrons from the

outer magnetosphere around the earth is one of the important sources of these auroral
electrons.

Practical Range of Electvons in Air

The rate of energy loss, -dE/dR, is given theoretically by Bethe (Reference 31):

P OaE
R=J——_g£.
° T @R

Because of the multiple Coulomb scattering and straggling effects, both of which are pre-
dominant for the low energy electrons travelling through the air, the rate of energy loss

given by Bethe's formula is inadequate for calculating the residual range of low energy
electrons.,

On the other hand, the practical
range R,, which is the projected depth
of the incident electrons in the initial
direction, has been defined and is ex-
perimentally measurable (Reference 27).
Since the theoretical range R is the total
length measured along the tortuous path
of an electron in the air (Reference 32),
the practical range R, is always shorter
than R. A comparison of the rate of
energy loss in terms of R, and of R is
shown in Figure 7. From this figure, it
is apparent that the difference between

10

)

Mev
gm/cm

- Kotz ond Pentold)

/

RATE OF ENERGY LOSS (

dE
~ R (Fermi)

1.0 . .
10° 102 107 1.0

ENERGY (Mev)

Figure 7 ~ Rate of energy loss of electrons in air
in terms of the true range R and of the practical
range R, as a function of electron energy

dE/dR, and dE/dR increases with de-
creasing electron energy, because mul-
tiple scattering increases at low ener-
gies. The coefficients A and m in Table
1 indicate an empirical approximation of
~dE/dR, byEquation 1with E given in Mev.

*Originally, the observed data were approximated by 2.5 x 102 e E/5 (E in kev) for the energy range between 3 and 30 kev.
In this energy interval, both expressions agree within the accuracy of the measurements,
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The angular distribution of the scattered electrons under the multiple Coulomb scat-
tering is known to be approximately Gaussian, However, if the penetration depth of elec-
trons is far larger than the mean free path of Coulomb scattering of electrons in the air,
A., the distribution is no longer Gaussian but is of the form cos?6, where & is the scat-

tering angle (Reference 33).

The corresponding mean angle of scattering is around 30 degrees and remains the
same with further increase of thickness. In other words, the penetration of electron flux
deeper than A_ in the air can almost be regarded as diffusion.

Concerning the diffusion of electrons in the atmosphere, there is another factor
named ""back diffusion thickness," x,, beyond which the backscattered electron is satu-
rated. If the penetration depth of electrons exceeds x,, complete diffusion of electrons
starts. However, in air the ratio of the number of backscattered electrons to that of in-

cident primary electrons at saturation (back diffusion coefficient) is less than 0.2. There-
fore, the integral flux of auroral electrons in the upper atmosphere, obtained by the in-

tegration of attenuation curves of differential f1

below x, for the lowestenergyof incident
electrons.

In Figure 8, A\, x, and R, are
presented as functions of the incident
electron energy. A_ is computed by

<

where A, is the effective atomic weight
of air nuclei (14.78), N is Avogadro's
number (6.024 x 1023),and o_ is the total
cross section of Coulomb scattering. x,
is estimated from experimental data on
aluminum, multiplied by a reducing factor
0.34, which is approximately the ratio of
the total cross section of Coulomb scat-
tering. o_ is derived in Appendix C as a
function of the energy of incident electrons.

Absorption of Electrons in Air

As we have seen earlier, the penetra-
tion of electrons in air beyond the depth
of several times A_, can be regarded

ux, should be multiplied by a facior 1.2,

RANGE AND DIFFUSION THICKNESS (qm/cmz)

107 L

i
1 10 100

ENERGY (kev)

Figure 8 - Practical range R, back diffusion
thickness x,,and the mean free path for Coulomb
scattering A_, of electrons in air as functions of
electron energy E
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1.0 approximately as diffusion. This is due
to the multiple Coulomb scattering and
the straggling effect caused by frequent
large fractional energy transfers in

10t electron-electron inelastic collisions in
the air. Thus, even if the incident elec-
tron flux is monoenergetic, the energy of
the electrons at a certain depth is no

_ o longer monochromatic but spread widely

$ toward the lower energies, and the elec-

E -

= trons of lowest energy, having lost alarge

= fraction of initial energy, are captured by
1073f _ air nuclei. Consequently, the intensity of

auroral electrons in the atmosphere de-
creases gradually with atmospheric depth.

1074} The rate of decrease of electron flux
per unit atmospheric depth is a function of
the energy of the incident electrons. This
has been observed in several laboratory
10 5 T =3 experiments (References 34-39). Accord-
ENERGY (kev) ing to these measurements, the differential

intensity of electrons with initial energy

Figure 9 - Attenuation mean free path of elec- E, at the depth (air thickness) x is approx-

trons in air as a function of incident electron ]
energy imately

-x/A(CE
i(E.x) dE = j (Eye "% 4k,

where j_(E) = j(E,0), the initial differential intensity of electrons with a kinetic energy
of E; and A(E), which can be called the "attenuation mean free path of electrons in the
air," is the inverse of the mass absorption coefficient of electrons with initial energy E.

Figure 9 shows A(E) as a function of the initial energy of electrons, derived from
the experimental results obtained by Lenard (Reference 34), Schmidt (Reference 37), and
Friman (Reference 39), and summarized into a table by Bothe (Reference 40). It is evi-
dent from Figure 9 that the attenuation mean free path of electrons with initial energy E
can be expressed empirically by

m

AME) = bE", (13)

where the numerical values of the constants b and m' are given in Table 3.
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Although the power m' decreases sig- Table 3
nificantly above the energy about 300 kev— Constants of Attenuation
from 2.2 to 1.33, we shall use m' = 2.2 Mean Free Path, A(E)
for all energy ranges above 5 kev, Since
the intensity of high energy electrons is b m’ Energy
very small owing to the sharp drop of Range
energy spectrum on high energy side, the 3.15x 10°7 (E in kev) 5 kev < E
use of m' = 2.2 in Equation 13 beyond 300 1.96 (E in Mev) 2:2 | 200 kev
kev does not introduce any serious errors
into futuré computations. 2.94 x 10-% (E in kev) 1.33 0.3 Mev < E

0.29 (E in Mev) < 3 Mev

Total Intensity of Aurvorval Electrons

The attenuation of electron intensity in the air is approximately exponential; there-
fore, the differential intensity of electrons entering into the upper atmosphere at pitch
angle o with respect to the vertical magnetic field, at the atmospheric depth x, can be
written:

J(E;x,a) dE = j,(E) exp [- m] ' (14)

where j (E) is the differential energy spectrum of incident electrons; and A(E), the at-
tenuation mean free path of electrons, is given by the empirical formula (Equation 13)
(see also Figure 9 and Table 3). Thus the total flux at the depth x becomes

"57 ®
I(x) = 277J J. i, (E) exp [- FE_)xc—osTa:] sinada dE. (15)
0 E

The initial differential energy spectrum j_(E) can be assumed as in Equation 2,
where n = 4, according to the direct measurements by McIllwain (Reference 25). Then
the integral in the right side of Equation 15 can be written:

I(x) = 2wxf j,,(E)f e VME o240 R, (16)
E x

By substituting t = 1/A(E) = E " /b into Equation 16, we have

1

*o
I(x) = %bﬁf tA-1G(tx) dt ,
0
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Figure 10 - Relative total intensities of spiraling
electrons for two different energy spectra as
functions of altitude

where

@ -us @ -5
G(u) = j c 7 ds = uj ez ds .
1 s u s

and G(tx) is called the Gold integral (Ref-
erence 24), which is defined by

_ (n-1) _ _ m'
ﬁ—T, and XO—K(E)—on,

The initial total intensity of auroral elec-
trons is given by letting x = 0 in Equa-
tion 15:

-8
A
- 2 ple
[ m’ /3

Therefore, the relative total intensity at
the depth x, is

® A 1G(tx) dt .

The two curves in Figure 10 repre-
sent I(x)/I_, for n = 4 (5 = 1.363) and
n = 3.2(8 = 1) with E, = 10 kev, By
comparing Figure 10 with Figures 2 and
3, it can be seen that the decrease of

electron flux in the upper atmosphere is not so steep as that of the protons in both

cases for the value of n.

Ommnidirectional Diffevential Spectra

Since the attenuation of electron flux is larger for the electrons of lower energies,
the energy spectrum of electrons changes with atmospheric depth. To see this variation,

we calculate the omnidirectional differential energy spectra of electrons at the atmos-

pheric depth x as follows:

/2
i (E) dE = 277f i(E) exp [— )\—(’;ﬁ cos a:l sin adadE ,
0
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which by the Gross transformation, W

becomes 2= 200km\ \2=
z = 140 km
]
i (E) dE = 277aE'"x.[ vy 2 e ME) gy dE, w0k
‘x z= 120 km
Since the omnidirectional differential
intensity at the top of the atmosphere is .
__——
given by ;; °
i,(E) dE = 27j(E) dE, ~ 2= 110km
j"f~ 105F
i (E) = i(E) G
LB = 0 S5
where A(E) is given by Equation 13. For
large values of x/A(E), the Gold integral 1041 2= 100 km
of the omnidirectional differential inten-
sity at the top of the atmosphere can be
approximated by (Reference 24, p. 440)
0l 5.01 O 1
i(E) _ T ENERGY (Mev)
1,(E) X Figure 11 - Omnidirectional differential spectra
ME) of auroral electrons with an arbitrary scale at

different altitudes for n= 4

Byusing the x-z curve shown inFig-
ure 4,the i_(E)'s are easilytransformed
into the i (E)’s shown in Figure 11, from which the intensity of the low energy side of
the spectrum is seen to decrease very rapidly. Owing to this rapid decrease, the sharp
edge of lowest energy of the initial spectrum becomes a round peak with increasing at-
mospheric depth; and the position of this peak shifts towards the high energy side with
increasing atmospheric depth.

Directional Intensity

Although most of the impinging electrons in the upper atmosphere can be regarded
as being diffused through the air, the attenuation is smallest for electrons travelling in a
vertical direction, in which the line of force of the earth's magnetic field is also parallel
(i.e., the larger the zenith angle, the larger the attenuation),

The dependence of the integral electron intensity in the upper atmosphere on the
zenith angle can be illustrated by integrating the directional differential intensity of
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auroral electrons given by Equation 14 with respect to energy E. This yields the direc-
tional integral intensity of electrons at the atmospheric depth x:

J,(PE , ) = J j(E, x, a) dE
E

(-]

ﬁ —_—
= .2 <P.> J}\" e Vv ldy,
m’ \y .

where A\, = ME,), y = x/cos o and v = y/\E). The initial directional integral flux is
J,(> E) = J jo(E) dE
E

_ a
T o m’

Therefore the relative variations of directional integral intensity of electrons at the at-
mospheric depth x is

™
|-

J,CCE,, @) (xo £

B} 17
J,(> E)) Y> A ry/*o(ﬁ)' (17)

where Iy % (B) is the incomplete Gamma function defined by

t
C(n) = f e vvildy,
0

The evaluations of Equation 17 are done numerically by using the table of incomplete
Gamma functions (Reference 41). By using the x-z curves of Figure 4, the relative in-
tegral intensities given by Equation 17 are transformed into J LOE,a)/J,(>E,). The re-
sults are shown in Figure 12 for several altitudes. It is interesting to note that the de~
pendence of the total intensity on the zenith angle becomes steeper with increasing depth,
approaching the form cos?a at about 120 km, and that it again becomes isotropic with in-
creasing atmospheric depth. The foregoing calculations, however, are based on a flat at-
mosphere, Therefore, the intensity of electrons at large zenith angle (>80°) is underes-
timated, i.e., if the curvature of the atmosphere is taken into account, the intensity of
electrons travelling obliquely with very large zenith angles (>80°) is not as small as that
shown in Figure 12,
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z = 260 km
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Figure 12 - Relative integral intensity of auroral electrons
as a function of zenith angle, n= 4

STRUCTURE OF THE POLAR ATMOSPHERE

The primary properties of the atmosphere are density, temperature, pressure, com-
position and motion. Several names are given to the regions of the atmosphere according
to composition: ozonosphere, ionosphere, or hemosphere, and heterosphere (Reference
42). However, owing to the remarkable change with altitude, atmospheric temperature is
one of the most common quantities used for investigating the earth's atmospheric struc-
ture. The atmospheric regions are also named according to the different temperature
gradients in these regions from the earth's surface outward: troposphere, stratosphere,
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mesosphere, thermosphere and exosphere. The transient levels between these re-
gions are called tropopause, stratopause, mesopause and thermopause, respectively.

Atmospheric Temperature and its Time Variations

The vertical distributions of atmospheric temperature at three different latitudes—
corresponding to the polar, temperate and tropical zones—are shown in Figure 13 (Ref-
erences 2, 3, 5, and 6). The heights and temperatures of these levels change with the
seasons and differ with the latitudes. These variations in the polar atmosphere are pre-
sented in Table 4. Both Table 4 and Figure 13 show the very large temperature differ-
ence between summer and winter in the polar mesopause. This fact was recently con-
firmed by Quiroz (Reference 43) who showed that the arctic air density was low above 65
km in winter, while in the middle and tropical latitudes the air density above this level is
slightly higher in winter.

LATITUDE: 80°N 50°N 20°N

120~

THERMOSPHERE

80

MESOSPHERE

60l MESOPAUSE

ALTITUDE (km)

40 STRATOPAUSE

STRATOSPHERE
204

TROPOSPHERE

TROPOPAUSE

. L — I\ L 1

200 240 280 200 240 280 200 240 280
TEMPERATURE (°K)

Figure 13 - Vertical distributions of atmospheric temperature at three different geographic latitudes.
Light and heavy lines correspond to the summer and winter seasons respectively.
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Table 4
Heights and Temperatures of Characteristic
Levels in the Polar Regions

Height | Temperature
(km) (°K)

Level

Tropopause—Summer 6-12 230 - 240
Winter 30-35 200-210

Stratopause—Summer | 50-55 280 - 290
Winter 60-170 250 - 260

Mesopause —Summer | 80-85 170-180
Winter 75-80 230 - 250

Thermopause ~550 1000 - 1500°*

*The temperatures above mesopause might change widely with
solar activity rather than with seasons (Reference 44).

The atmospheric temperature up to the 35 km level can be measured directly by
balloon borne thermographs. The temperature levels above 35 km are observed by
rockets, and those above 150 km by satellites (Table 5). It should be noted that temper-
atures above balloon altitudes are deduced from the air densities or pressures observed
by the rocket borne instruments or by satellite drag variations. Since the densities de-
duced from satellite drag variations correspond to those at perigee, and since the at-
mospheric measurements made by rockets above 100 km are not sufficient to show lati-
tude dependence, the variation of atmospheric structure with latitude above the mesopause
still is not clear. Therefore, the atmospheric model based on the Rocket Panel Data

Table 5
Methods of Obtaining Atmospheric Temperature Observations
Altitude Range

Method of Measurement (km) Observed Quantity
Balloon Borne Thermograph 0-35 Temperature
Rocket Borne Pressure Gages 30-100 Pressure, Density
Grenades Ejected from Rockets 30-90 Temperature
Rocket Borne UV Spectrograph 20-10 Temperature
Falling Spheres from Rockets 15-90 Density
Searchlight Beams 10-170 Density
Satellite Drag ~160 Density
Zenith Scattered Twilight 30-150 Density
Meteors (Photographic) 50-120 Density
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(Reference 28) and on Kallmann's Table
(Reference 29), can be acceptable for
density distribution considerations even
for the polar regions (Figure 14, the cor-
responding curves for atmospheric depth
as a function of altitude were shown in
Figure 4).

Recently, large diurnal variations of
air density have been found above 200 km
from analyses of satellite drag (References
13 and 46). The amplitudes are less than
2 percent at 200 km, but are more than
100 percent at 660 km. The amplitude in-
creases with height, reaching a sharp
maximum at 2 p.m. local time and gradu-
ally decreasing to a minimum at 6 a.m.
However, this variation is negligible be-
low 200 km and is dependent upon solar
activity., In estimating the dissociation
rate of molecular oxygen, these diurnal
and latitudinal variations of upper air
density may be neglected, since their con-
tributions above 200 km are negligible,

Vertical Distribution of Atmospheric
Constituents

Rocket measurements have revealed
that the main atmospheric composition
remains the same from ground level to
the mesopause, except for the decreasing
concentrations of water vapor with altitude,
and for the fractional presence of ozone in
the lower stratosphere and upper tropo-
sphere (Reference 47). Above the meso-
pause, at an altitude of around 85 km, the
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Figure 14 - Air density p(z) versus altitude z.
The atmospheric model used in the present cal-
culation is based upon the following data:
z < 110 km, Rocket Panel (Reference 28); 400 > z
>110 km, Kallmann and Juncosa (Reference 45);
and z > 400 km, King-Hele (Reference 30).

composition of the atmosphere changes with altitude because of the partial dissociation of
oxygen and the vertical diffusion of air. In the upper atmosphere, there is no technique

available at present for measuring atomic oxygen concentration, but the total amount of
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molecular oxygen above a certain level has been measured as a function of altitude be-
tween 100 and 180 km (References 48 and 49). By the use of these data, the proportion of
molecular oxygen in the overhead atmosphere is found to decrease above the mesopause,
indicating that the oxygen is increasingly dissociated with altitude. However, because of
the diffusive transport of molecular and atomic oxygen, the deficiency of molecular oxy-
gen with altitude does not provide a basis for determining the degree of dissociation of
molecular oxygen at each level (Reference 50). The vertical distributions of atomic and
molecular oxygen above the stratosphere have been estimated theoretically by Chapman
(Reference 51), Rakshit (Reference 52), Penndorf (Reference 53), and recently by Nicolet
(References 54 and 42). These estimations are all based upon the photo-dissociation of
oxygen molecules by solar radiation. Johnson's estimation (Reference 44) of the relative
concentration by volume of the main atmospheric constituents is shown in Figure 15. The
corresponding relative concentration by weight is presented in Figure 16.
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Figure 15 - Fractional composition of air by volume
as a function of altitude
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Figure 16 - Fractional composition of air by weight
as a function of altitude

HEATING OF THE POLAR UPPER ATMOSPHERE

Rate of Dissociation of Molecular Oxygen by the
Auroral Particles

According to the Frank-Condon Principle, oxygen molecules will dissociate upon the
impact of charged particles or photons with kinetic energies higher than 5.08 ev. This
value corresponds to the transition energy threshold from the ground level 32; to the
lowest repulsive level x..

The total cross section of the dissociation of molecular oxygen by electrons was
measured by Glocker and Wilson (Reference 55), and estimated theoretically by Massey
(Reference 56) and Mott (Reference 57). By combining these results, the total cross
section of the dissociation of the oxygen molecule by electrons is obtained as a function
of the energy of impact electrons. The total cross section of O, dissociation by elec-
trons increases sharply around 5 ev, reaches a maximum at 8 ev, and declines at about
30 ev as the inverse of E (Figure 17). The maximum value of this cross section is on
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Figure 17 - Total cross section of O, dissociation by electrons
as a function of kinetic energy of impact electrons

the order of 10-!® ¢cm?, which is of the same order as the molecular cross section esti-
mated from the absorption coefficient of the Schumann-Range band (1751 - 1400A; 6.7 - 9.7
ev)—one of the most effective bands for the photo-dissociation of oxygen molecules. It is
interesting to note that the efficiencies of O, dissociation, by electrons and photons around
the energy levels of 10 ev, are both of the same order.

On the other hand, the dissociation of molecular oxygen by the direct impact of pro-
tons is not important, since the effective energy for dissociation is below 30 ev. Thus,
the effective particles for O, dissociation are not composed of primary particles but
mainly of secondary and tertiary particles produced in the air by the incoming primary
protons and electrons.

In this respect the total specific ionization j (E) is a most convenient quantity,
since it is the total number of ion-pairs per gm/cm? produced by primary particles of
energy E (in ev) and by all secondary electrons (Reference 24, p. 45). The total specific
ionization is

i (B) = 7 K(E) (18)
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where k(E) corresponds to the primary ionization given by -dE/dx (or -dE/dR) in Equa-

tion 1. V_, the average energy expended per ion pair produced, is determined experi-
mentally:

v =

[¢]

{:32 ev for electrons in air

36 ev for protons in air.

Since the energy distribution of electrons ejected in the process of primary ioniza~
tion is fairly uniform (Reference 57), the number of secondary electrons increases with
an increase of primary energy (as given by Equation 18). This relationship can also be
explained by the following: The energy of the primary particle in the air is spent in
exciting and ionizing the air molecules. The secondary electrons thus produced will con-
tinue to lose energy by inelastic collisions as long as their energies are greater than the
lowest excitation potential of the atoms in the air. A highly excited atom may lose energy
by emitting a photon or an Anger electron. The degradation of the initial energy contin-
ues until only a certain number of atoms in the lowest ionized level, and a certain number
of electrons and photons of a few ev energy, remain (Reference 24).

Atmospheric oxygen above 80 km is dissociated by solar radiation (photo-dissociation)
in the following spectral bands (sec Figures 15 and 16):

(1) Schumann-Runge continuum, 1400 - 17514, (o 2 10°'% cm?);

(2) Herzberg continuum, 2200 - 2424A, (o ~ 10" %* cm?); and

(3) Chappius band 4400 - 74004, (¢ ~ 107 2! cm?).
The Chappius band in the visible region is effective only for the dissociation of atmos-
pheric ozone, which exists mostly in lower stratosphere. Consequently, the contribution

of this band can be neglected in this problem. The o¢'s in parentheses, obtained from
absorption measurements, are the total cross sections for O, and O; dissociation.

The degree of O, dissociation is determined by the equilibrium between the rate of
dissociation due to solar radiation and the rate of association due to two body and three
body collisions. The details of the photo-

Table 6 dissociation of atmospheric oxygen are given

The Lifetime of Atomic Oxygen in the by Mitra (Reference 1) and by Nicolet (Refer-
Mesosphere After Sunset ences 42 and 54).

Height (km) Lifetime (sec) Since the sun is very close to the horizon

during the winter in the polar region, the ef-

80 9.4 x 10° ~ 10 days fect of photo-dissociation is very weak or
90 3.3 x 10~ 1 month negligible. The lifetime of atomic oxygen in
100 9.8 x 10°~ 4 months the mesosphere after sunset is presented, ac-

cording to Nicolet (Reference 54), in Table 6.
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Since the existence of atomic oxygen in the polar mesosphere is not negligible even in the
winter, two extreme cases of O, distributions will be considered. One case is maximum
dissociation, in which most of the oxygen above the 80 km level is dissociated by verti-
cally incident insolation as shown in Figures 15 and 16. The other case is that of no dis-
sociation, in which the vertical distribution of molecular oxygen is simply given by the

air density distribution (Figure 14), multiplied by the constant relative concentration,
0.23.

The rate of O, dissociation r (z) dz at the altitude 2 by auroral protons is

® E
r(z) dz = f N(z) l:f o(W) j, ,(W.E, z) dW:] i (E,z) dEdz, (19)
E w

where

N(z) is the number density {cm-3) of molecular oxygen;

energy W;

i, p(W,E,z) is the number (gm/cm?)-! of secondary electrons of energy W, produced
by protons of energy E per unit thickness of air at the altitude z;

i,(E,z) is the omnidirectional differential-intensity of auroral protons at the altitude
z (in km), which corresponds to the atmospheric depth x (in gm/cm?). (This
is given by Equation 11 and shown in Figure 5);* and

Ww_and E_ are, respectively, the threshold energy for O, dissociation and the lowest
energy.

The number density of molecular oxygen is

N(z) = N ’;“(z) C(z) = 2.16 x 1022 p_(z) C(z) (20)

a,o

where

N, is the Loschmidt number, 2.687 x 10'° = 2.7 x 10'® cm"3;

C(z) is the fractional composition of O, by weight as shown in Figure 16;

*Equation 11 shows the omnidirectional differential range spectrum of spiraling protons at the depth x, i (R), which is
easily transformed into i,(E) by

dR
1(E) = i,(R) gp = ix(R) —‘;—E.

The x-z curve is given in Figure 4 for protons and -g—g- is shown in Figure 1.
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p,(z) is the air density at the altitude z, in g cm’; and

p, . is the air density at N. T. P., 1.2929 x 10" %~ 1.3 x 10°3, in gm/cm>,

In the integrand of Equation 19, the terms inside the brackets can be written as:

E Tine Ko(E)
: n —iot Zp
J a(W) jt,p(w,E,Z) dw = W v p(z),
w e e, p
where
@
Oy T f o(W) dW & 6 x 10" !'7 em? ev is the integral cross section of O, dissocia-

w

]

tion by electrons (see Figure 17);

W_ is the effective energy for O, dissociation, about 20 ev;

k_(E)
V" is the total specific ionization of a proton with energy E in the air (i.e., the

o.,P

number of secondary electrons per unit depth of air in (gm/cm?)" 1Y), where
v = 36 ev; and

o, p

e(z) is the air density at the altitude z, (gm/cm3), p(z) = p(2).
Evaluating the foregoing equation, we have

E
j (W) j, (W.E,z) dW % 8.33 x 10°2° p_(z) k_(E) . (21)
w

]

Substituting Equations 20 and 21 into Equation 19, we finally obtain
r(z) dz % 1.8 x 10% p:(z) C(z) J. kp(E) i,(E,z) dE dz, (22)
E

where k (E) is shown in Figure 1. Similarly, the rate of O, dissociation due to auroral
electrons at the level z is given by

@

r.(z) dz & 2.0 x 10% p?(z) C(z) f k (E) i (E,z) dE dz,

E
m

where k_(E) is shown in Figure 7.

The omnidirectional differential intensity of electrons, i (E,z), is shown in Figure
11 for the case of the incident energy spectrum, aE * dE. It should be noted that the
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square of atmospheric density in Equations 22 and 23 is due primarily to the target dis-
tribution (the O, density in the atmosphere given by Equation 20) and secondarily to the
reduction of the rate of ionization loss of primary particles from ev per gm/cm? to ev
per cm.

The values r (z) and r (d), normalized to the incident total intensity, are shown in
Figure 18 and Figure 19 respectively. (Incident total intensities are 3 x 108 /cm?2-sec
with the differential spectrum E-2-8dE for protons, and 5.2 x 10¢/cm?-sec with E-* dE
for electrons, respectively.)

For these numerical calculations the two extreme cases of C(z) are assumed: the
minimum distribution of O, (O, is photo-dissociated by vertical insolation); and the max-
imum distribution of O, (non-photo-dissociation) in the atmosphere. The effect of photo-
dissociation on the dissociations by auroral particles clearly is negligible below the
mesopause (about 85 km), where the dissociation by auroral particles is most effective.

In order to calculate the final atomic oxygen distribution due to O, dissociation by
auroral particles, we must assume the duration of the aurora, the total flux of incident
particles (or total energy flux), and the rate of association at different altitudes. Instead
of presenting cases with several combinations of these factors, the following points are
made:
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Figure 18 - Rate coefficient for O, dissociation by auroral protons with
differential spectrum E-2-8dE, as a function of altitude
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1. The rate coefficient of O, dissociation due to auroral particles is almost the
same as that due to the insolation (solar ultraviolet).

2. The profile of the atomic oxygen production rate in the atmosphere due to auroral

particles depends on the energy spectrum. If the incident particles are mono-
energetic, the lower boundary of the profile becomes very steep, as is shown in
Figure 20 where the case for 10 kev electrons and the case for 10 Mev protons

are plotted. These lower boundaries, given in terms of the penetration depth of
spiraling particles, are drawn in Figure 21 by using the atmospheric depth-
altitude relation and the energy-range relation curves for protons in the air.

If the flux of auroral electrons is of the order of 10'?/cm?-sec, as has been ob-

served by rocket penetration into the active aurora (Reference 25), the rate of O, produc-

tion due to electrons will be of the order of 10* atoms/cm?3-sec at the level of maximum

production (about 85 km). This figure can be regarded (Reference 54) as comparable with
the rate coefficient for photo-dissociation caused by solar radiation {the Schumann-Runge

continuum), which is the order of 10° atoms/cm?®-sec at the production peak (around 90

km). Therefore it can be expected that, during severe aurorae, a large fraction of molec-

ular oxygen molecules are dissociated by auroral particles, and the rate of dissociation
is comparable with that due to solar ultraviolet.

Since the rate of associationof atomic
oxygen is smaller at higher altitudes, the
maximum concentration of atomic oxygen
should be at ahigher altitude than the pro-
duction peak of atomic oxygen, and will
be near 110 km in the case of photo-
dissociation. According to Nicolet's es-
timation, the maximum concentration of
oxygen atoms under the equilibrium con-
dition for the dissociation rate of 10*
atoms/cm?3-sec is the order of 10'! atoms/
cm? at the 110 km level.

It has been shown that, if there is no
strong downward advection above the mes-
osphere, the lifetime of atomic oxygen
around the altitude of maximum concen-
tration (> 100 km) is more than 4 months,
but at the altitude of the production peak
(about 85 km), it is less than one month.
However, if thereis a strong subsidence in
polar region inlate winter, these lifetimes

ALTITUDE {(km)
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Figure 21 - Penetration depth of spiraling mono-
energetic protons in the atmosphere as a function
of the pitch angle a
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of oxygen atoms should be shortened drastically. In this respect, the production of oxygen
atoms by auroral particles in the polar upper atmosphere during late winter (from Janu-
ary to March) might play an important role in supplying the atomic oxygen that contributes
to upper atmospheric heating during the polar night.

Energy Release from the Association of Oxygen Atoms

In a reverse process of endothermic dissociation of molecular oxygen (discussed in
the foregoing section) the same amount of energy (5.08 ev per O, molecule) is released
by the association of atomic oxygen.

The association of oxygen atoms into a molecule proceeds according to one of the
following types of reactions:

(1) Radiative association:
0+0-0,+hy.

This reaction's rate coefficient, the radiative association coefficient, is a, ~ 4 x 10- 2!
cm?/sec (Reference 58).

(2) Three body collision:
0+0+x-0,+x'.

Here, the third colliding particle x' is not necessarily a neutral atom or molecule; even
an electron can remove the excess energy after oxygen molecule formations. The coef-
ficients of this reaction (non-radiative association) are known experimentally (References
1 and 58):

Q
1l

5 x 10-34 \/T N, cm3/sec (if x' is an atom or molecule),
(24)

a
e

9 x 10°35 \/TNe em3/sec (if x' is an electron),
where N, and N_ are the number densities of air particles and electrons, respectively.

In general, the rate of association is expressed by

9N
SiZ) = aNy() . (25)

where the coefficient « is ag, a,, or a_, corresponding to the reactions mentioned

above. As can be seen, the radiative association is approximately proportional to the
square of atmospheric pressure, while non-radiative association by collision is approx-
imately proportional to the cube of the value of atmospheric pressure. Thus, the radiative
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association predominates only at the extreme altitudes above 300 km, and can be neg-
lected in the present problem of upper atmosphere warming (Reference 59).

Furthermore, the number density of electrons, N_, is actually very small as com-
pared with the number density of air particles, N_, even in the ionosphere, as is shown
below:

D-region (60 ~ 80 km): N, < 10%/cm®, N, ~ 10'%/cm3;
E-region (100 ~ 130 km): N_ ~ 105/cm?®, N, ~ 1013 cm3;

F-region (200 ~ 350 km): N, ~ 105/cm®, N_ ~ 10° cm3.

Therefore, the contribution of electrons to oxygen association by three body collisions is
negligible; for this discussion, Equation 25 can be expressed as:

oN_(2)
ot

= an[No(z):lz . (26)

where a_ 1s given by Equation 24,

Obviously, the rate of oxygen molecule formation in the atmosphere is a function of
the vertical distribution of atomic oxygen. Since, thus far, no direct measurements of
atomic oxygen distribution in the upper atmosphere have been made, the present calcu-
lation will be performed by using the theoretical values, i.e., maximum distribution
limited by the equilibrium between dissociation and association of atmospheric oxygen.

The rate of energy release, dq(z)/dt (in ev/cm?3-sec) from the association of atomic
oxygen at the altitude z is:

dqg(z) €q dN_(2)

) 27

- 0

dt 2 dt
where ¢, is the dissociation energy of the oxygen molecule, 5.08 ev (8.13 x 10-!? joules
or 1.95 x 10-!° calory) per molecule. The factor 2 in the denominator in the right hand
side of Equation 27 is due to the requirement of two atoms for one association.

Provided that the heat capacity of air at constant pressure, C,(z), is known, the rate
of atmospheric temperature change at the level :z due to the exothermic association of
oxygen atoms, dT(z)/dz, can be estimated by

dT(z) _ 1 dq(z)
dt. =~ C (D) p(2) dt ° (28)

where p,(z) is the air density at the level z in gm/cm3, and dq(z)/dt is given by Equa-
tions 26 and 27. The local change of number density of atomic oxygen, 3N_(z)/9t, should
be written from the equation of continuity:
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AN (z) dN,(z) .
S © ar - div [FoN], (29)

-

where ¥ is the velocity of the air flow (cm/sec). The warming rate of the upper air
estimated by Equation 28 with Equations 26, 27, and 29 gives an overestimation unless
the effect of cooling is taken into account.

RADIATIVE COOLING DUE TO P, (0)-°P,(0) TRANSITION

Each neutral oxygen atom has eight orbital electrons with the ground state configura-
tion (1s)2 (25)2 (2p)4. The last four electrons in the incomplete L-shell (2p electrons)
give rise to the terms 3P, 1D, and 'S. Among these levels 'p and 's are metastable and
the transition between them is forbidden, but is known to occur in a very rarified gas
such as the upper atmosphere and to give the well known green line in the airglow and
aurora (5577A). The transitions lD2- 3Pl , 1D2- 3P2 are the red lines in the auroral spec-
tra. Inthe triplet term P level, 3P2 is the lowest energy; i.e., the ground state of neu-
tral atomic oxygen. The lowest excited states, 3Pl and 3P0 , are 0.020 ev and 0.028 ev
above the ground level, respectively. These excitation energies are equivalent to the
kinetic energy of gases at temperatures of 240°K and 330°K, respectively.

According to Pasternack (Reference 60) the transition probabilities for 3P0-3P1 and
3P1-3P2 are 1.7 x 10" 5/sec and 8.9 x 10" %/sec, respectively. Furthermore, the statisti-
cal weight of the 3P0 state is less than half that of the °P , state. Therefore, the first
transition is insignificant by comparison with the second, and will be neglected.*

The mechanism of radiative cooling is as follows: By a two body collision an oxygen
atom in the ground state, 3P2’ is excited to one of the lowest excited states, 3P1 . In this
collision, a part of the thermal energy of encounter (O,, and O, N and N,, etc.) is trans-
ferred into the excitation energy of 0.02 ev per oxygen atom, which is emitted as a far
infrared electromagnetic wave (A ¥ 6.2 x 103 ¢m) when the atom returns to the ground
state. Since the optical depth above the 100 km for this long wave is very small, most of
the radiated energy from this de-excitation is dissipated into outer space.

The excitation to 3P1( 0) by collision is faster than emission in the upper atmosphere
above 100 km level (Reference 59); therefore, the distribution of oxygen atoms between
the excited states and the ground state is given by the thermodynamic equilibrium. Ac-
cording to Bates, the rate of de-excitation, 31’1(0)-3P2(0) at the level z, is

R(z) = B N_(z) A(z) (ev/cm3-sec), (30)

*The contribution of other transitions of atomic oxygen, such as 'D-°P, to atmospheric cooling has been investigated by
Spitzer (Reference 61) and others, but it has been shown that these are also insignificant when compared with that of
3p 1-31’2 (Reference 59).
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where B is the constant 5.8 x 10-7; N_(z) is the number density of atomic oxygen in °P
states per cm3. The factor A(z) = A[T(z)], resulting from the statistical distribution of
the states in thermodynamic equilibrium, is given by

A(z) =

where «,, w,;, and «, are the statistical weights of the levels 0? 3p , and ’p ,» and are
numerically equal to 1, 3, and 5 respectively; and ¢, and ¢_  are the excitation energies
0.020 ev and 0.028 ev, respectively. The coefficient A(z) = A[T(z)] is approximately

unity for atmospheric temperatures above the mesosphere; and

1 for T(z) % K
A(z) =
0 for T(z) ¥ 0K.

The optical depth for far infrared (sPl—st) emission is less than 0.3 above 100 km.
Therefore, the corresponding reducing factors, which are to be multiplied to the right
hand side of Equation 30, can be regarded as unity. The rates of energy loss of air are
shown in Figure 22 by dashed curves, assuming the temperature T(z) as a parameter.
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Figure 22 - Rates of energy gain owing to oxygen association (solid curves), and of energy loss owing to
3p,(0)-°P,(0) transition (dashed curves) as functions of altitude, for different atmospheric tempera-
tures T(z)
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The number density of atomic oxygen, N.(z), and of air, N_(z), are shown in Figure
23 for altitudes between 60 and 200 km;* another distribution curve of atomic oxygen
(Reference 52) is presented for comparison.
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Figure 23 - Number density of air particles, N,(z) and of atomic oxygen,
N (2), as functions of altitude z

Heating by the Association of Atomic Oxygen

The energy gains per cm? of air per second, given by Equation 26 with Equation 24,
are shown in Figure 22 for different initial atmospheric temperatures. These curves

*In this figure, the number density of atomic oxygen is calculated as follows: Division of the mean molecular weight of
air, M_(z), by Avogadro's number, 6.026 x 1023, gives the average mass of the air molecules, m (z); hence the number
density of air at each level is

P (2)
NE(Z) = m >

where p (2) is the density of air. Therefore, the number density of atomic oxygen per cm® is

ma
N (@) = o(z) N () =,

o

where c(z) is the fractional composition of atomic oxygen by weight and m _ is the mass of the oxygen atom.
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are calculated with respect to the vertical distribution of oxygen atoms given by Johnson
(see Figures 15 and 16). This estimation of atmospheric heating and cooling is, however,
based on the static atmosphere, in which it is assumed that no vertical air flow and dif-
fusion exist. In such an atmosphere, the equilibrium exists only at 110 km or below, de-
pending on the vertical distribution of atomic oxygen.

In Figure 24, the net gains of thermal energy due to the aforementioned processes
are plotted against altitude, assuming several values of atmospheric temperature T(z).
If vertical air flows and diffusions are neglected, the air below a certain level (around
110 km or lower depending on the distribution of atomic oxygen) is continuously warmed
by association of atomic oxygen; and above that level the air is continuously cooled by the
far infrared emission of atomic oxygen. The positions of maximum heating and maxi-~
mum cooling are very close (within several kilometers of each other), and their prox-
imity reduces the stability of the layer between them. Therefore, the contribution of dif-
fusion or vertical air movement around these levels is very important for calculating
equilibrium temperature distribution; i.e., it is meaningless to try to estimate the equi-
librium temperature around these levels; ignoring the diffusion or the vertical movements
of air. The diffusions of atomic and molecular oxygens in the upper atmosphere are es-
timated theoretically by Nicolet and Mange (Reference 58); but the results are very sen-
sitive to the vertical distribution of oxygen atoms and molecules, and the coefficients of
eddy diffusion around these heights are not well established. Therefore, in this paper,
only the effect of vertical flow will be considered.

160

140

120 L 500° K

100 |-
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80 -

60 1 L —1 1
-1.0 -0.5 0 0.5 1.0 1.5 2

NET GAIN OF THERMAL ENERGY (10% ev/cm®-sec)

Figure 24 - Net gain of thermal energy as a function of altitude,
for different atmospheric temperatures T(z) as a result of the two
processes shown in Figure 22
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Effect of Subsidence on the Association of Oxygen

When a volume of dry air descends by external force, the temperature of the air in-
creases with increasing pressure. This rate of increase is known as the adiabatic lapse
rate of dry air:

dT( z) _

_ £ _ o -5 o
1 = Cp 9.76 x 10 C/cm

where g is acceleration of gravity, 980.67 cm/sec.?

The constant C_ is specific heat of air at constant pressure and is equal to 0.24 cal/
gm-°C in the homosphere; but C, increases with altitude to approximately 0.3 cal/gm-°C
at 300 km (Reference 15). Therefore, the rate of temperature change due to adiabatic
compression, with vertical velocity v, (in cm/sec), is

dT(z)

- -5 0
TS 9.8 x 10°° v, °C/sec. (31)

When one gram of air containing <(z) grams of atomic oxygen descends, the tempera-
ture increases not only by adiabatic compression, but also by the increasing exothermic
association of oxygen. By neglecting the horizontal divergence, the latter can be esti-
mated by using Equation 29, which is written for the steady state of vertical air flows:

dN_ (z) - 4
dt = iv N (z)
N oN,(2)
vV, dz
~ p(z) 3c(z)
ovaThT T (32)
By noting Equation 27 and substituting Equation 32 into Equation 28, we get
€9
dT(z) . 2 dec(2) 4. oc(z) o (33)
at YT m, Ve e 1.5 < 10% v, =5, "see,

where m_, the mass of atomic oxygen, is 5.35 x 10-?3 gm. This expression agrees with
that derived by Kellogg (Reference 62).

The fractional content of oxygen atoms in air, c(z) —which is called by Kellogg (Ref-
erence 62) in an analogy to water vapor, the mixing ratio of atomic oxygen—and its gra-
dient dc(z)/dz are shown in Figure 25. The curves used by Kellogg (Reference 50) are
also shown for a comparison. The vertical velocity needed to produce a heating of 10°C




per day, estimated by Equation 33, is
shown with Kellogg's results in Table 7.
In the height of the minimum velocity,
which corresponds to the maximum gra-
dient of c(z), and in the absolute values
of descending velocity v_, the differ-
ences between the present results and
Kellogg's (last column), are due to the
differences in the vertical distribution
of oxygen atoms between Johnson's (Ref-
erence 6) and Nicolet's estimation (Ref-
erence 50).°

From Equation 31, a descending ve-
locity of 1 km/day (more than 1 cm/sec)
is necessary to warm the air at the rate
of 10°C/day, by means of adiabatic com-
pression. Comparing this figure with
the values of v, in Table 7, the warming
by the exothermic association of atomic
oxygen is seen to be more than one order
more effective than the adiabatic warm-
ing due to subsidence of air. Moreover,
the maximum warming due to oxygen
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Figure 25 - Mixing ratio of atomic oxygen c(z)
and its verfical gradient de(z)/dz in the upper
mesosphere. The dashed curves correspond to
Nicolet's estimation, which were used by Kellogg
in 1961.

Table 7
Descending Velocity Necessary for 10°C/day Warming
Mixing Ratio v
Height Gradient v, v, [Kellogg,
(km) % (cm/sec) | (km/day) 1960}
(cm-1) (km/day)
80 ~0 ~o © [+
85 5x10°° 1.4 ~1.2 ~0.6
90 10°® 0.74 0.64 0.13
95 7.2x108 0.10 0.09 0.04
100 8.0x 10°® 0.09 0.08 0.06
110 5.6 x 10-8 0.13 0.11 0.13
120 4.6 x 10°8 0.16 0.14 0.05

*The vertical distribution of atomic oxygen given by Rakshit (Reference 52) is omitted here, because it exceeds the total
air density distribution curve at the 110 km level (Figure 23).
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association is around the mesopause (between 90 and 100 km) for the uniform veloc-
ity of subsidence.

Although the subsidence in the upper polar atmosphere has not been measured di-
rectly, the convergent flow towards the pole above the 90 km level in winter has been in-
dicated by several investigations (References 6 and 62-64). Therefore, as pointed out by
Kellogg (References 6 and 62), the warm polar mesosphere must be maintained during
the winter by the exothermic oxygen association intensified by the subsidence, which oc-
curs in winter in polar regions as a part of the general circulations of the earth's
atmosphere.

It should be noted that in the estimation of the cooling described above, only that due
to the far infrared emission from oxygen atoms is considered; it is of the order of -3°C/
day (Figure 24), and effective above 100 km or higher. Below this level, however, the
cooling due to the infrared emissions from CO, (154), O; (9.7«) and H,O (50.) become
very important. According to Murgatroyd and Goody (Reference 65), the maximum cool-
ing rate of air due to these infrared emissions appears around 65 km and is of the order
of 10°* watt/gm, corresponding to the cooling rate of -10°C/day in the vicinity of the
mesopause.

ABRUPT WARMING OF THE POLAR UPPER AIR

The temperature variations observed at Thule, Greenland (geographic Lat. 76° 31'N,
Long. 68° 50'W) of different isobar levels in the upper atmosphere during the period from
January 26 to February 6, 1958, are shown in Figure 26. From this figure, the warming
of air is seen to shift from the upper layers toward the attenuation increasing with atmos-
pheric depth. The propagation of the warm layer is caused not by molecular or turbulent
diffusion, nor by thermal conduction, but by the subsidence of air, since:

1. The propagation velocity is very large; within 24 hours, maximum temperature
will shift from a 25 mb (~25 km) level to a 100 mb (~16 km) level. More than five
days are required to shift the maximum temperature between these levels by the
fastest thermal diffusion due to the turbulence.

2. There is an inversion in the temperature profile after the shifting of the maxi-
mum temperature to the lower layer.

Furthermore, this subsidence is indicated by rocket soundings at higher altitudes.
The data of Figure 27 were obtained by rocket soundings made in conjunction with balloon
observations during the winter of 1957-58 at Churchill, Canada (Reference 66). From
these results, it is seen that the warm stratopause descends from 58 km to 45 km, in-
creasing the temperature from 270°K to 290°K within four days. The largest temperature
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Figure 26 - Abrupt warming of the lower stratosphere observed a Thule
(76.5°N), Greenland, in winter 1958
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Figure 27 - Abrupt warming of the mesosphere and the
upper stratosphere observed by rockets and balloons at
Churchill (58.7°N), Canada, in the winter of 1957-58

increase observed at the 40 km level, almost 60°C, occurred during January 24-29. Al-
though the abrupt warming shown in Figure 26 occurred in the dark shadow of polar night,

this phenomenon is essentially the same as that first observed at Berlin in 1952 (Refer-
ence 67).

According to Scherhag (Reference 18) the center of warming first appeared in the
25 mb-chart near the eastern Mediterranean on January 21, 1958, and moved toward the
northwest as shown in Figure 28. The maximum warming was observed around January
25 in the central part of Europe, around January 30 in Greenland (which corresponds to
the results shown in Figure 26), and at the beginning of February in Northern Canada. It
disappeared on February 8 off the Aleutian Islands. Figure 29 shows the rapid warming
in the lower stratosphere observed simultaneously at four stations near the magnetic
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Figure 28 - Trajectory, in geomagnetic coordinates, of the warming center in the 25 mb-chart during the
winter of 1957-58. Open circles show the locations of the stations where the abrupt warming of the
stratosphere is observed simultaneously; closed circles, those where no warming is observed in the same

period.

pole (Alert, Eureka, Isachsen and Thule). While no unusual warming was observed at
other Arctic stations (Kotsebue, Barrow, Barter Island, and Anchorage, etc.) during the
same period (Figure 30). Because of the lack of high altitude data, the foregoing results
may not be conclusive. For example, according to Scherhag's analysis an increase of
upper air temperature should be observed in Figure 30 around February 5 at Anchorage.
However, these abrupt warmings are the result of large scale disturbances in the northern
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hemisphere, created by the breakdown of a large polar vortex situated near the north
pole and extending into the stratosphere (from 15 to 80 km according to Palmer, Refer-
ence 4). Since the location of the polar vortex may depend on the topographic conditions
around the pole, the appearance of the center of the artic vortex near the magnetic pole
might be accidental, except for the contribution from the horizontal distribution of atomic
oxygen produced by auroral particles in the mesosphere,

As pointed out by Palmer (Reference 4) the arctic vortex is not as stable as the ant-
arctic one. The stability of the latter might be caused by the fairly symmetric distribu-
tion of the land in the antarctic. This would also explain the fact that the so-called ex-
plosive warmings have been observed in the southern hemisphere only after the vernal
equinox. In the arctic, however, several abrupt warmings have occurred before the
equinox, and a major warming of explosive nature occurs regularly after the equinox,
which obviously results from heating by the returning insolation and from ozonospheric
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warming. Although the increase of temperature in these warmings can be explained by
adiabatic heating due to the vertical motion of air, the subsidence of the warmed mes-
osphere should not be neglected.

The connection between solar activity and the change in the pattern of stratospheric
circulation is one of the most important problems to be solved in the question of the
abrupt warming in the arctic. Abrupt warmings were also observed on February 20,
1959 at Thule, and near the end of 1960 at Berlin (Figure 31). The events corresponding
to the latter occurred at Thule around January 6, 1961. As was noticed by Palmer (Ref-
erence 4) and by Scherhag (Reference 18) the curves of solar emission (1200 Mc coronal
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Figure 31 - Explosive warming observed at Berlin
at the end of 1960 (Reference 68)
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emission), and satellite drag (Sputnik III), showed a remarkable correlation between the
air density at the 15 km level at Alert and the 25 mb temperature in northern Europe
during Winter 1958.

Some connection apparently exists between the variation of the polar night jet stream
(located very close to the auroral zone in the northern hemisphere) and the breakdown of
the polar vortex (Reference 69). So far, however, these factors are completely uninvesti-
gated and should be studied.

ADDITIONAL CONSIDERATIONS

The presence of the warm mesosphere and thermosphere during the polar night—
identified as chemical heating by Kellogg (Reference 62)—has been explained by the
exothermic oxygen association intensified by subsidence in the polar winter upper at-
mosphere. However, additional factors should be considered.

1. Not only is the cooling due to the infrared emissions from carbon dioxide, ozone,
and water vapor important, but alsc consideration should be given to the cooling
effect caused by the far infrared emission from the atomic oxygen formed by dis-
sociation. The cooling due to the latter is in the order of -3°C/day at its maxi-
mum-—around an altitude of 110 km. However, this height is strongly dependent
on the assumed vertical distribution of atomic oxygen. If Nicolet's distribution
curve of atomic oxygen is assumed, the height of maximum cooling is around
95 km—almost the altitude of maximum warming due to oxygen association.

2. Owing to the cooling described above, there would be continuous turbulent flow
around the mesopause. According to Booker (Reference 70), the eddy diffusion
coefficients (cm ?/sec), estimated from the observation of meteor trails and radio
star scintillation, are on the order of 10° at 50 km, 10® at 100 km and 10" at
300 km. The effect of diffusion on the association of oxygen is proportional to
d?c(z)/dz? (which is of the order of 10-!3/cm?) and is negative above the maxi-
mum gradient of c(z). Thus, as a result of this eddy diffusion, the gradient of the
oxygen atom mixing ratio, dc(z)/dz, might be reduced considerably from the values
shown in Figure 29.

3. But, if the diffusion effect is taken into account, velocities of subsidence larger
than the values estimated by Kellogg (Reference 62) are necessary for the mini-
mum rate of heating.

4. The rate coefficients of oxygen dissociation by auroral protons and electrons are
both in the order of magnitude of 10 -%/cm?3-sec at the maximum value (Figures
18 and 19), at a height of around 90 km. A severe aurora, with an electron flux of
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10'? /cm?-sec, produces the same rate of oxygen dissociation as the Schumann-
Runge band in the solar ultraviolet.

DISCUSSION

Since the initial purpose of this paper was to evaluate the flux of spiraling charged
particles in the atmosphere, with the rate of energy loss as a function of energy, only
some simple cases of the energy spectrum were considered. Therefore, several differ-
ent cases of the initial energy spectrum should be calculated for comparison with ex-
perimental data. The present calculation for auroral protons is rigorous. However, the
calculations for auroral electrons are not strictly correct, and the diffusion equation
method is necessary for more accurate estimations.

Although a good correlation between solar emission and the occurrence of arctic
abrupt warming is shown by Lethbridge (Reference 20), by Palmer (Reference 4), and
recently by Scherhag (Reference 18), further investigations seem necessary to establish
the link between solar activity and the large scale circulation changes in the mesosphere
and stratosphere.

It is a great mystery how energies large enough to trigger the breakdown of the
stable polar vortex, are supplied to the polar upper atmosphere; and no apparent rela-
tionship has been observed so far between the occurrence of the abrupt warmings and the
so-called PCA-events (polar cap absorption). The latter are produced by the severe
bombardment of the polar upper air (ionosphere) around the magnetic pole by energetic
solar protons. Finally, it should be emphasized that the direct observations of the polar
mesosphere and thermosphere (ionospheres) by means of rocket borne instruments dur-
ing the polar night in both arctic and antarctic are very necessary, not only for mete-
orological studies but also for exploring the environment around the earth, because in the
polar regions these factors are closely related.
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Appendix A

List of Symbols

constant in the empirical formula of energy loss of protons and electrons
in air

constant in the empirical formula of the mean free path of electrons in
air as a function of energy

specific heat of air at constant pressure

fractional composition of O, in air by weight

fraction composition of O in air (the mixing ratio of atomic oxygen)
energy of auroral particles

lower and upper limits respectively of energy for the empirical formula
of energy loss -dE/dR = AE""

non-dimensional quantity; the integral initial intensity of auroral parti-
cles subtracted from the initial value, i.e., I(x)/I, = 1 - Fy_,(£)

the Gold integral
integral intensity

differential intensity of auroral particles at the atmospheric depth x and
altitude z, respectively

energy spectrum of auroral particles
directional intensity of flux

constants in the formula of the differential range spectrum of auroral
protons

Loschmidt number % 2.7 x 10!° ¢cm -3

number per unit volume at altitude z of air molecules and atomic oxygen,
respectively

amount of energy released by the association of atomic oxygen at alti-
tude z

range of auroral protons and electrons in air




£ (2).r(2)

T(z)

O.e’VO-P

ME)

P(2),p,(2)
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R
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maximum range of primary auroral particles
threshold range of detector
practical range of an electron in air
a variable in the combination formula ,_,C,

the rate of O, dissociation at the altitude z by auroral protons and elec-
irons, respectively

variable in the Gold integral
atmospheric temperature at altitude =

average energy expended per ion pair produced by auroral electrons and
protons, respectively

velocity of air

energy of the secondary electron electron causing the O, dissociation
atmospheric depth

back diffusion thickness of electrons in air

integral variable

altitude

pitch angle of auroral particles

excitation energy of atomic oxygen

non-dimensional atmospheric depth

zenith angle

mean free path of electrons for Coulomb scattering
attenuation mean free path in air of electrons with energy E
density at altitude z of atomic oxygen and air, respectively
cross section of Coulomb scattering of electrons in air

statistical weights of energy levels 3PO, e
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Appendix B

Extension of Liouville’s Theorem

Liouville's theorem states that in a conservative system, the number density,

p = N
dv*
in phase space is constant, i.e.,
dD _
& = (B1)

where dv* = dxdydzdmxdnmydrnz, and the x’s and =x's are canonical coordinates and
moments. A proof of this theorem and its applications to cosmic ray physics is given
by Janossy.?!

Since the Jacobian
T, . T
J(——‘ . > = 1,
P,PyP,

where the p;'s are i-components of the momentum of a particle, Liouville's theorem is
usually expressed as

- dN _
D = qy - constant, (B2)

where dV = dxdydzdp,dp, dp,. For the sake of simplicity, we shall write dV = dx, dp,.

In order to extend this theorem to the system in which there is an energy dissipation,
we shall consider the change of number density with time At for a given number of parti-
cles.'t Liouville's theorem then requires that

Ddx;dp; = D’'dx;dp] (B3)
where
dx; = <1 + > dx, ,
’ op;
dpi = <1 + At) dpi , (B4)
2D
’ —
D' = D + 3t JAY

tJanossy, L., *Cosmic Rays,” 2nd ed., Oxford: Clarendon Press, 1950 (Intemational Series of Monographs on Physics)
. ttRhodes, R. M., “Study of Auroral Particles,” M. S. Thesis, University of Maryland, 1955




57

Combining Equations B3 and B4, we obtain
ox; dp, L
D(s; ' api> ta T (B5)

In the case of constant ionization loss,

%; .
Y (B6)
and Equation B5 can be written as
A _ DD
P& % Ta
or
_Afdx
N 1 2 (B7)
n - dx - v,

t

Equation B7 indicates that as long as Av/v is negligible, Liouville's theorem can be
used. In other words, Liouville's theorem can be extended to a non-conservative system
with the approximation, Ap/p, with an error of the order of Av/v. The directional inten-
sity, i, of the particles with momenta between p and p +dp which cross an elemental
area dS in time dt and are contained in a solid angle dQ, can be written*

- dN
YT Fsd0dpat (B8)
By letting
dS = dxdy,
p?didp = dp_dp dp, .,
dz = wvdt = P gt ,
m
we have
3
i = pB_ (B9)
m
The omnidirectional intensity of spiraling particles is now given by
a a p3D
J = f i sinada = J - sinada. (B10)
[} 0

tJanossy, op- cit.
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By Liouville's theorem, Equation B10 can be written,
“max p 3
J » J Js (F) sinada, (B11)
0 o

where p, is the initial momentum. If the change of velocity is negligible, Equation B11
becomes

T~ 7, f Mx(pi)z sinada, (B12)
o o
where
J, & Dplv,
in which
v-P P ,
m m

and o _  is the maximum pitch angle at a given depth for a certain initial momentum, for
protons which can be found from Figure 21.

For the auroral particles, the rate of momentum loss changes rapidly with the mo-
mentum; thus, the approximation of Equation B6 is no longer correct. It is also incorrect
for extremely high energy regions where Bremsstrahlung becomes predominant. There-
fore, the extension of Liouville's theorem to the case of a non-conservative field is hardly
useful except for protons, whose energy is near that of minimum ionization.

For a more elementary but more intuitive proof, we shall consider the simplest ex-
pression of Liouville's theorem in two dimensional space: V, the area formed by four
representative points, at t =0, equals dvdx, where dv and dx are the vertical and hori-
zontal distances between these points on the left side of Figure B1l. Just after dt, the
points 1 and 4 shift horizontally (v +dv) dt, while the horizontal shift of points 2 and 3 is
v dt as shown by 1', 2', 3" and 4' in the right side of Figure B1. However, intervals be-
tween 2' and 3', and between 1' and 4' are still the
same as that at t = 0 dx, because the velocities of
the points in each pair are the same, respectively.
Moreover, the vertical interval between these
pairs 1'-4' and 2'-3' is still dv. Therefore, the
area formed by 1', 2, 3' and 4', v' is the same as
V. Since the area is formed by a constant number

of representative points (four), and the area cor-

responds to the volume in general six dimensional

Figure B1 space, the above result shows that the number




density D is constant. Therefore in the conserva-
tive (non-energy-loss) system, Liouville's theorem
is correct.

In the case of constant ionization loss, the
points shift as in Figure B2. During time interval
dt, the velocity v, of points 2 and 3 decreases to
v - a, while that of 1 and 4 changes approximately
from v+dv to v+dv-a. Therefore, the vertical
distance between 1'-4' and 2'-3' is still approxi-
mately dv = (v+dv-a) - (v-a) after the time in-
terval dt. Since the horizontal intervals of each
pair of points do not change, as in the previous
case, the area after the time interval dt, 1', 2, 3',
4' is approximately the same as v (1, 2, 3, 4).
Therefore, Liouville's theorem is approximately
correcl in the system of constant ionization loss.

Finally, if the rate of energy loss is below
minimum ionization (as is shown for protons in
Figure 1), the vertical displacement of points 2
and 3 is larger than that of 1 and 4 (Figure B3).
Therefore, it is quite obvious that

vi(1',2',3",4") > v(1, 2, 3, 4).

In other words, the Liouville's theorem does not
hold for a system in which the rate of energy loss
is not constant,

59

Figure B2

Figure B3
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Appendix C

Total Cross Section of Coulomb Scattering of Electrons in Air

The total cross section o_ (in cm?) for elastic scattering of electrons by atoms can
be regarded as the sum of two cross sections, the one due to the nucleus, oy, and the
other due to the orbital electron, o g:

o, R oytoy xZ, (Cl)
where Z is the atomic number.

The differential cross section for elastic nuclear scattering of electrons is given by
the following Rutherford formula, neglecting shielding f

2 Y
(d)pyen = —Z4— 2 1B = 1‘ 3 27 sin6de
2

sin

(C2)

where r, = e?/mc? = 2.82 x 10°!3 cm, is the classical radius of the electron, and 6 is the
scattering angle.

Since no very high energy electrons are considered here, this classical formula is
valid with sufficient accuracy. Noting that

where p is the momentum of the incident electron, m is its rest mass, c¢ is the velocity
of light, and me % 0.5 Mev/c, we see that the total cross section of elastic nuclear scat-
tering can be obtained by integrating (do),,,, With respect to the scattering angle 6:

P .
oy = 2nr 2 z2 (RS : e d——51n
N e P8 5 . 3

i sin
min

2 52 (mc)\? 1 1
= Z _ - [}
e (pﬁ> .2 gmin s 2 emnx (C3)
sin 2 sin 2
where
9 emin emin
sin 5% % 1,  sin 5% & 50 (C4)
and
~ A
gmin ~ b (C5)

max
tMott, N. F. and Massey, H. S. W., “The Theory of Atomic Collisions,” 2ad ed., Oxford: Clarendon Press, 1949 (The
International Series of Monographs on Physics)
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sin 6, & 1, cos 6 ™ 1-%,
sin 6, ® Onin® and cos 6, ¥ 1,
Equation C11 can be written as
r, 2 1
o N 47 <E> (Hiin + In 6, - > (C12)

Since the scattering electron is an orbital electron of the atom, the minimum scat-
tering angle 6_,, should be the same as the one given by Equation C7. By substituting
Equations C8 and C12 into the Equation C1, we get

- 1 /m 1 \? 47rre22 p
o, X 4mr 2Z(Z+ 1) P(ﬁ . m) * fx(ﬁ) , (C13)

where

[a2Y
g
Al
—
It
[wry
8
o| 8
S
[
CDI
L™
]
SN
—
3l
——
+
o
e}
D
]
o
5
1
—

(C14)
By noting that
4771'e2 X 10°24 cem?,
Z = 7.37 for air,
and
1 _ pzV3 P
emin - -m_c 504};{6 '
Equation C13 can be written as
. 1.6 x 10°1? 7.4x 10°%2% _/p
op v R e I () (C15)
where
2
f(m) ~ 2.5 x 10° [(%) - 1] - 2. (C16)

It should be noted that the above expressions are applicable only for non-relativistic
electrons.

NASA-Langley, 1962 G-193
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in which X = #/p = h/2mp is the de Broglie wavelength of incident electrons. The maxi-
mum impact parameter b_, can be taken as the atomic radius,

x

£2 _-1/3
bmax = —me_g
b o -
. Te g (C6)

where a = e?/hc & 1/137 is the fine structure constant (h and e are the Planck constant
and the charge of the electron, respectively). Thus, Equation C5 becomes

- n—‘c-u 1/3
6 = 5 =2 (oy))]

1)\
) (C8)

-"l

A good approximation for the differential cross section of the elastic electron-
electron scattering for non-relativistic electrons, derived by Mott, ' is given by

2
T, 1 1 ¢
d = — + - ’ (Cg)
(do)yoee <,32> (sin‘@ cosd sin?g cosze)

where

® = cos (ﬁ B 1n tan29> (C10)

The total cross section for elastic scattering of electrons by electrons therefore is
given by integrating Equation C9 with respect to scattering angle 6:

T 2 emax
T = 87 — 1 + 1 - ® sin 6 cos & d&
< B2 o sin*6 cos*6 sin26 cos20
min
r 2 1 1 em-x
B 4 [ — = + ~21ntané ,
(,82> (sin28 cos?0 )5 . (c11)
min

where the rapidly oscillating function, @, for large angle 6, is replaced by unity, since
|®] < 1. Assuming that

tMott, N. F. and Massey, H. S. W., Op. Cit., p. 80



